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Routh-Hurwitz Stability Criteria

Control Theory

Abstract

The Routh-Hurwitz stability criterion is a fundamental mathematical tool used in control system analysis to
determine the stability of linear time-invariant (LTI) systems. This criterion provides a systematic method to
assess whether all roots of a given characteristic equation lie in the left-half of the complex plane, ensuring
system stability without explicitly computing the roots. By constructing the Routh array, stability conditions are
derived based on the number of sign changes in the first column of the array. This method is widely applied in
control engineering, electrical systems, and signal processing to evaluate system behavior and design stable
controllers. The Routh-Hurwitz criterion offers computational efficiency and deep insight into system dynamics,

making it an essential tool in control theory.
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Routh-Hurwitz Stability Criterion

The Routh-Hurwitz Stability Criterion is a mathematical tech-
nique used to determine whether the roots of a polynomial lie
on the left-hand side of the s-plane. It is a valuable tool as it
allows one to assess the stability of a system without finding
the roots of the characteristic equation.

1. Conditions for stability

There are certain necessary and sufficient conditions to de-
termine the stability of a system using the Routh-Hurwitz

criterion. These are outlined below:

1.1 Necessary condition

All the coefficients of the characteristic polynomial must be
positive. If any coefficient is zero or negative, the system is
potentially unstable.

1+K(s)G(s)H(s) = A(s) =

aos" +a1s" a2+ . tap_1s' +as®=0 (1)

However, in cases where all coefficients are indeed positive,
it does not guarantee the system’s stability. There may still
exist roots in the right half of the complex plane or on the
imaginary axis.

1.2 Necessary and sufficient condition using Routh
table
The necessary and sufficient condition for establishing stabil-
ity using Routh-Hurwitz criteria is that every element must
have a positive value or have no sign change. When this con-
dition is not met, the system is unstable. Each sign change
indicates a pair of roots in the right half-plane, suggesting
instability.

2. Routh Table

In the construction of the Routh array, the coefficients of the
characteristic equation are organized into two rows. This
arrangement starts with the coefficients of s” and s" ! in that
order, and then continues with the even-numbered and odd-
numbered coefficients, as illustrated below:

A(s) = aos"+a1s" +ars" 4. +ay_1s' +a,s° =0
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The following rows are added subsequently to complete the
Routh array:

_ ayaz —aopdasz aya4 —apds
7 b =———— | by = b3
aj aj aj

_ biaz—bay _ bias—bza;
b b

ayag — apay

C1 2

K a,

This process continues until there are no more ¢; elements
remaining. Subsequently, the remaining rows are constructed
in a similar manner, extending down to the s9-row. The en-
tire array takes on a triangular shape, with the noteworthy
observation that both the s'-row and the s°-row consist of
just a single term. It’s important to emphasize that when
constructing the Routh array, any absent terms are treated as
zeroes. Additionally, throughout the process, we have the
flexibility to multiply or divide all the elements in any row by
a positive constant, a step taken to simplify the computational
effort. This adjustment, however, does not alter the signs of
the elements in the first column.

3. Routh-Hurwitz examples
Some basic examples are shown :
3.1 Stable system

Let’s consider a fourth-order system with the characteristic
equation:

s*+10s° + 185> +165+5=0 (3)
st 18 5
3 | 105 168
5.18—1-8 82 5.5-1-0
| — = —F——=5
5 5 5
|| (82/5)-16—10-5 531
* (82/5) %
o | (531/41)-5—(82/5)-0 _
$ (531/41) -

The elements of the first column of the table mentioned
above are all positive, and hence the system is stable.

3.2 Unstable system
35t +205° + 552 +55+2=0 @)
Analyzing the first column of the Routh array reveals two

sign changes, one from 17/4 to —15/17 and another from
—15/17 to 2. Consequently, the system being examined is
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13 5 2
s> | 204 71
, | 45-31 17 4.2-3.0

S Y
(17/4)-1-42_ 15
17/4 BT

S92

unstable, featuring two poles situated in the right half of the
s-plane. It’s important to note that the Routh stability criterion
exclusively provides the count of roots within the right half
of the s-plane. This method does not furnish details about the
actual root values or differentiate between real and complex
roots.

4. Special cases of Routh-Hurwitz criteria

The above procedures fail in some cases listed below :
* All elements of a row are zero

¢ The first element of a row is zero

4.1 All elements of a row are zero

When a row with all zero elements is encountered, the subse-
quent row becomes undefined, halting the Routh array forma-
tion prematurely.

An all-zero row signifies that the given characteristic poly-
nomial includes an even polynomial as a factor. An even
polynomial is characterized by having terms where the ex-
ponents of "s" are either even integers or zero. This even
polynomial factor is called the auxiliary polynomial.

Formation of Auxiliary Polynomial - Let’s call the row
just above the all-zero polynomial, the auxiliary row. The ele-
ments of this auxiliary row are the coefficients of the auxiliary
polynomial A(s). The order of the polynomial is the exponent
of this critical row. Once A(s) is found, the stability may be
analyzed in either of the two ways:

".n

* A(s) is differentiated with respect to "s" and the all-zero
row is replaced with the coefficients of dA(s)/ds. The
construction of the array then continues as usual.

* The roots of A(s) are also the roots of the given char-
acteristic equation, which must be tested separately
(Using the Routh-Hurwitz Criterion or other methods).
The characteristic equation is divided by A(s) to find the
other factor, B(s). Now, the Routh-Hurwitz criterion is
applied to B(s).

4.1.1 Example 1
Let’s consider a sixth order characteristic equation:

A(s) = 0 +25° +13s* + 245> + 3952 + 545 +27  (5)



sST1]13]39]27
s 2124754
SlT1l12]27
sS10]0

The auxiliary polynomial A(s) can be formed using the s*
row, shown below:

A(s) = s* + 1252 +27 (6)

The derivative of A(s) with respect to "s" is :

dA(s)
d(s)

= 4s° +24s (7

The zeros in the s3-row are now replaced by the coefficients 4
and 24. The Routh array then becomes :

71 [13]39]27
12 24754

s [ 12]27
14 124

16 |27

st 6

st 27

Since there are no sign changes in the first column of the
routh array, the polynomial A(s) does not have any root in the
right half of the s-plane. However, we know that the roots of
A(s) are the roots of A(s), so let’s see the roots of A(s):

A(s) =s"+ 1282 +27=0 (8)
The roots of A(s) are s = +jV/3,—jV/3,+j3,—j3, which are

also the roots of A(s). Since they lie on the imaginary axis,
the system is marginally stable and will oscillate.

4.1.2 Example 2
Lets take the following example :

A(s) = 5° +25* + 657 + 265> + 55+ 80 =0 9)

sl-row is all zero row, so s2-row becomes the auxiliary row.
s 1 6 5
S0 2613 8040
S| 7T-1]35-5
s2 | g1 405
st]1o

So, the auxiliary equation A(s) is :

A(s) =s*+5 (10)
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Roots of the A(s) = 0 are s = +jv/5 and s = — jv/5. A(s) is
one of the factors of the characteristic equation. To find the
other factor, A(s) should be divided by A(s).

A(s
L:s3—i—252—&—s—|—16

A0 (11)

For the system to be stable, the roots of the above equation
should not lie on the right half plane. That can be verified
using Routh-Hurwitz criteria: Two sign changes in the first

1 1
71 | 168
-7

8

column indicate the presence of two roots in the right-half
plane. Therefore, the system is unstable.

4.2 The first element of a row is zero

If the first element of a row is zero, the terms in the subsequent
row become infinite, making it impossible to continue forming
the array. To solve this problem, we replace the zero with a
small positive number € and construct the array. The limit
€ — 0is then applied to identify changes in signs in the first
column, providing insights into the number of roots in the
right half-plane.

4.2.1 Example 1
Let’s consider a fifth-order polynomial :
$7 435 +257 + 657+ 85+ 12=0 (12)

The first element in the s*>-row is (2 —4) /€, which has a

1 2 |8
st A1 62 | 24
5 de 4
2e —4
52 4
)
]y 4¢?
s 2e—_4
14

negative sign as € — 0. Here, the magnitude can be ignored.
The first term of s'-row is (4 —4€%/(2& —4)), which has a
limiting value of +4 as € — 0. If the first column is analyzed
again, it can be observed that there are two sign changes. The
first sign change is from s° to s2, and the second is from s> to
s'. This suggests that two poles are in the right half plane (the
system is unstable).

4.2.2 Example 2
Let’s consider a sixth-order polynomial :

Als) = s 4% + 557+ 553 + 752 + 65+ 2 (13)



s 1 5 712
11 5 6
s* | ge 1 2
5 5e—1 6e—2
h)
£ e
) 6e—2
s 1758 18 2

5e—1
2
| 66—2 ( € )
€ | 6e—2\
— €
5e—1

As & — 0, the elements of the s'-row approach zero, suggest-
ing the presence of roots on the imaginary axis in the s-plane.
To confirm this, the auxiliary polynomial must be analyzed. If
no imaginary-axis roots are present, the zero row is replaced
with the coefficients of the derivative of the auxiliary poly-
nomial. However, if imaginary-axis roots are identified, the
original polynomial is divided by the auxiliary polynomial,
and the stability test is conducted on the resulting remainder
polynomial. In this example, the auxiliary polynomial is (let
€ — 0 in s2-row):

A(s)=s"+2=0 (14)
The above auxiliary equation has two roots, +jv/2® and
—jv2®, on the imaginary axis. Dividing the original 6"
order polynomial A(s) with A(s), we get:

A
£:s4+s3+3s2+3s+1

The Routh array for this polynomial is : As € — 0+, there

15)

st 3]1
s 3
s | ge 1
1 3e—1
S
S
]

are two sign changes in the first column of the array. This
indicates that there are two roots in the right half of the s-plane.
The original polynomial A(s), therefore, has two roots in the
right-half plane and two roots on the imaginary axis.

5. Advantages of Routh-Hurwitz criteria

* The system’s stability can be determined without find-
ing the roots of the characteristic equation.

* The relative stability of the system can be determined
easily.

¢ This method also allows one to determine where the
root locus intersects the imaginary axis.
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6. Limitations of Routh-Hurwitz Criterion
* This is only applicable to linear systems.

* It does not compute the exact location of the poles on
either the right or left half of the S-plane.
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